Introduction and Preliminaries
The class of amenable Banach algebras has been introduced by Johnson He also showed that A is amenable if and only if there exists a bounded net (m α ) in A ⊗ p A such that
where π A : A ⊗ p A → A is given by π A (a ⊗ b) = ab for every a, b ∈ A, see [11] . There is another approach to study Banach algebra through the homological theory. Two important notions of biflatness and biprojectivity for Banach algebras have key role in homological theory. In fact a Banach algebra A is called biflat (biprojective), if there exists a bounded A-bimodule morphism ρ : A → (A ⊗ p A) * * (ρ : A → A ⊗ p A) such that π * * A • ρ is the canonical embedding of A into A * * (ρ is a right inverse for π A ), respectively see [8] . Note that a Banach algebra A is amenable if and only if A is biflat and A has a bounded approximate identity. In fact the dual notion for amenability in Banach homology is
Recently approximate versions of amenability and homological properties of Banach algebras have been under more observations. In [24] Zhang introduced the notion of approximately biprojective Banach algebras, that is, A is approximately biprojective if there exists a net of A-bimodule morphism ρ α : A → A ⊗ p A such that
Author with A. Pourabbas investigated approximate biprojectivity of some semigroup algebras and some related Triangular Banach algebras see [20] and [22] . Approximate amenable Banach algebras have been introduced by Ghahramani and Loy. Indeed a Banach algebra A is approximate amenable if for every continuous derivation D : A → X * , there exists a net (x α ) in X * such that
Other extensions of amenability are pseudo-amenability and pseudo-contractibility. A Banach algebra A is pseudo-amenable (pseudo-contractible) if there exists a not necessarily bounded net (m α ) in A ⊗ p A such that
respectively. For more information about these concepts the reader referred to [7] , [5] and [6] . Motivated by these considerations, in [1] the approximate notions of amenability have been introduced and studied.
A Banach algebra A is called approximately left φ-amenable if there exists a (not necessarily bounded)
character amenable if and only if G is discrete and amenable. Also they showed that M (G) is character amenable if and only if G is discrete and amenable.
In this paper, we extend the notions of φ−biflatness and φ−biprojectivity. We give an approximate notion of homological algebra related to approximate left φ-amenability. Here the definition of our new notion:
Definition 1.1. Let A be a Banach algebra and φ ∈ ∆(A). A is called approximately left φ-biprojective if there exists a net of bounded linear maps from A into A ⊗ p A, say (ρ α ) α∈I , such that
for every a, x ∈ A. We say that A is approximately left character biprojective if A is approximately left φ-biprojective for all φ ∈ ∆(A).
We show that approximate left φ-amenability gives approximate left φ-biprojectivity. We study the hereditary properties of this new notion. We show that for SIN group G, Segal algebra S(G) is approximately left φ 1 -biprojective if and only if G is amenable, where φ 1 is augmentation character on S(G).
Also we showed that the measure algebra M (G) is approximately left character biprojective if and only if G is discrete and amenable. We give some Banach algebra among Triangular Banach algebras which is never approximately left φ-biprojective. Also we give some examples which reveal the differences our new notions and the classical ones.
We remark some standard notations and definitions that we shall need in this paper. Let A be a Banach algebra. Throughout this paper the character space of A is denoted by ∆(A), that is, all nonzero multiplicative linear functionals on A. Let A be a Banach algebra. The projective tensor product
Let A and B be Banach algebras and φ ∈ ∆(A) and ψ ∈ ∆(B). We denote φ ⊗ ψ for a map defined by
It is easy to see that φ ⊗ ψ ∈ ∆(A ⊗ p B). Let A and B be a Banach algebras and let X be a Banach A, B-module, that is, X is a Banach space, a left A-module and a right B-module with the compatible module action that satisfies
and ||a · x · b|| ≤ ||a||||x||||b|| for every a ∈ A, x ∈ X, b ∈ B. With the usual matrix operation and
becomes a Banach algebra which is called Triangular Banach algebra. Let φ ∈ ∆(B). We define a character ψ φ ∈ ∆(T ) via ψ φ a x 0 b = φ(b) for every a ∈ A, b ∈ B and x ∈ X. For a locally compact group G, M (G) is denoted for measure algebra and A(G) is denoted for Fourier algebra.
Approximate left φ-biprojectivity
In this section we study the general properties of approximately left φ-biprojective Banach algebras.
Proposition 2.1. Let A be a Banach algebra with φ ∈ ∆(A). Suppose that A is an approximately left φ-biprojective Banach algebra which has an element a 0 such that aa 0 = a 0 a and φ(a 0 ) = 1. Then A is approximately left φ-amenable.
Proof. Let (ρ α ) α∈I be as in Definition 1.1. Let a 0 be an element in A such that aa 0 = a 0 a and φ(a 0 ) = 1.
for every a ∈ A. Also we have
It is clear that T is a bounded linear map which satisfies
Thus A is approximately left φ-amenable.
Proposition 2.2. Let A be a Banach algebra with φ ∈ ∆(A). If A is approximately biprojective, then
A is approximately left φ-biprojective.
Proof. Since A is approximately biprojective, there exists a net of A-bimodule morphism ρ α :
It is easy to see that
for each a, b, x ∈ A. Using these facts one can see that (T • ρ α ) α satisfies the conditions in Definition 1.1.
So A is approximately left φ-biprojective.
There exists a Banach algebra which is never approximately left φ-biprojective.
We claim that T is not approximately φ-biprojective. To see this we go toward a contradiction and assume that T is approximately left φ-biprojective. Since T is unital, by Proposition
It is easy to see that φ| I = 0 then by [18,
Hence there exist net (a α ) and
Then ab α − ba α → 0, for each a, b ∈ C. Since b α → 1, taking a = 1 and b = 0, gives a contradiction.
We remind that by [ 
for all a ∈ A.
Proposition 2.4. Let A be a Banach algebra and φ ∈ ∆(A). If A is approximately left φ-amenable, then A is approximately left φ-biprojective.
It is well-known that for each α, there exists a net (n
A is a w * -continuous map, then
where
for some c ∈ R. Using Mazur's lemma, we have a net (n (F,Λ,ǫ) ) in A ⊗ p A such that
for each a ∈ A − ker φ. It is easy to see that φ • π A • ρ (F,Λ,ǫ) (a) = φ(a) for each a ∈ ker φ. Proof. Since A is φ-biflat then there exists a bounded A-bimodule morphism ρ :
There exists a net (ρ α ) in B(A, A ⊗ p A) (the set of bounded linear maps from A into A ⊗ p A) such that ρ α converges to ρ in the weak − star operator topology. Since π * * A is a w * -continuous map, for each a ∈ A we have
. Let ǫ > 0 and take F = {a 1 , a 2 , ..., a r } and G = {x 1 , x 2 , ..., x r } arbitrary finite subsets of A. Define
It is clear that M is a convex set and (0, 0, ..., 0) belongs to M w . Using Mazur's Lemma (0, 0, ..., 0) ∈
for each i ∈ {1, 2, ..., r}. Hence the net (θ (F,G,ǫ) ) (F,G,ǫ) satisfies Proof. Let (ρ α ) α be a net of maps which satisfies Definition 1.1. Take i 0 in I such that φ(i 0 ) = 1. Define
It is easy to see that T is a bounded linear map. Set η α = T • ρ α | I : I → I ⊗ p I. Then we have
for each i, j ∈ I.
Theorem 2.9. Let A and B be Banach algebras and φ ∈ ∆(A) and ψ ∈ ∆(B). Suppose that A is unital and B has an idempotent x 0 such that ψ(
be a net of continuous maps such that
for each x, y ∈ A ⊗ p B. Note that A ⊗ p B with the following actions becomes a Banach A-bimodule:
One can see that T is a bounded linear operator and
. It is easy to see that for each α, η α : A → A ⊗ p A is a continuous map which satisfies
Also we have
for each a ∈ A. Hence A is approximately left φ-biprojective.
Application to Banach algebras associated with a locally compact group
Let G be a locally compact group and let G be its dual group, which consists of all non-zero continuous
and dx is a left Haar measure on G, for more details, see [9, Theorem 23.7] .
The map φ 1 : L 1 (G) → C which is specified by
is called augmentation character. We know that augmentation character induce a character on S(G) which we denote it by φ 1 again, see [2] .
We recall that, for a locally compact group G, a linear subspace S(G) of L 1 (G) is said to be a Segal algebra on G if it satisfies the following properties:
(ii) S(G) with respect to some norm || · || S(G) is a Banach space and ||f || L 1 (G) ≤ ||f || S(G) ;
(iii) For f ∈ S(G) and y ∈ G, L y f ∈ S(G) and the map y → δ y * f is continuous. Also ||δ y * f || S(G) = ||f || S(G) , for f ∈ S(G) and y ∈ G.
For more information about this algebras see [15] .
Proof. Using the main result of [13] , G is a SIN group if and only if S(G) has a central approximate identity. Then we have an element a 0 ∈ S(G) such that aa 0 = a 0 a and φ 1 (a 0 ) = 1 for each a ∈ S(G).
Applying Proposition 2.1, approximate left φ 1 -biprojectivity of S(G) implies that S(G) is approximately
left φ 1 -amenable. We can find a net (m α ) in S(G) such that
Let f be an element of S(G) such that φ 1 (f ) = 1. Define f α = f m α . For each y ∈ G we have
where δ y denotes the point mass at {y}. We have
On the other hand
Since
, then (f α ) can stays away from 0. Without loss of generality we assume that
Now by [17, Exercise 1.1.6], G is amenable.
We give a Banach algebra related to a locally compact group which is never approximately left φ-biprojective.
Example 3.2. Let G be a locally compact group and let A(G) be the Fourier algebra with respect to G.
It is easy to see that ψ φ ∈ ∆(T ). Note that A(G) is a commutative Banach algebra, hence there exists a 0 ∈ A(G) such that aa 0 = a 0 a and φ(a 0 ) = 1 for each a ∈ A(G). Set t 0 = a 0 0 0 a 0 , clearly tt 0 = t 0 t, ψ φ (t 0 ) = 1, for every t ∈ T. Using Proposition 2.1, we have T is approximately left ψ φ -amenable. Proceed a similar arguments as in the Example 2.3, we have Let G be a locally compact group and let M (G) be the measure algebra with respect to G. It is
particularly the augmentation character φ 1 . We again denote this extension by φ 1 .
Theorem 3.4. Let G be a locally compact group. M (G) is approximately left φ 1 -biprojective if and only if G amenable. We give a Banach algebra which is not pseudo-amenable but is approximately left φ-biprojective.
Example 3.6. Let G be an infinite compact group. It is well-known that for
G}, where G is the dual group of G and
(we assume that dx is the normalized left Haar measure on 
approximately left character biprojective.
It is well-known that for each semigroup S there exists a partial order on E(S), where E(S) is the set of idempotents of S. Indeed s ≤ t ⇔ s = st = ts (s, t ∈ E(S)).
The semigroup S is called inverse semigroup, if for each s ∈ S there exists s * ∈ S such that ss * s = s * and s * ss * = s for each s ∈ S. Inverse semigroup S is called Clifford semigroup if for each s ∈ S there exists s * ∈ S such that ss * = s * s. There exists a partial order on each inverse semigroup S, that is, s ≤ t ⇔ s = ss * t (s, t ∈ S).
Note that these two partial orders on an inverse semigroup are the same. Let (S, ≤) be an inverse semigroup. For each s ∈ S, set (x] = {y ∈ S|y ≤ x}. S is called uniformly locally finite if sup{|(x]| < ∞|x ∈ S}. Suppose that S is an inverse semigroup and e ∈ E(S). G e = {s ∈ S|ss * = s * s = e} is a maximal subgroup of S with respect to e. For more information about semigroup theory see [10] .
Theorem 3.8. Let S = ∪ e∈E(S) G e be a Clifford semigroup such that E(S) is uniformly locally finite. Converse is true by Remark 2.5.
Examples
We give a Banach algebra which is approximately left φ-biprojective but is not φ-biprojective. 
